We study an upper bound of ranks of n-tensors with size 2 × · · · × 2 over the complex and real number field. We characterize a 2 × 2 × 2 tensor with rank 3 by using the Cayley's hyperdeterminant and some function. Then we see another proof of Brylinski's result that the maximal rank of 2 × 2 × 2 × 2 complex tensors is 4. We state supporting evidence of the claim that 5 is a typical rank of 2 × 2 × 2 × 2 real tensors. Recall that Kong and Jiang show that the maximal rank of 2 × 2 × 2 × 2 real tensors is less than or equal to 5. The maximal rank of 2 × 2 × 2 × 2 complex (resp. real) tensors gives an upper bound of the maximal rank of 2 × · · · × 2 complex (resp. real) tensors.
Introduction
Let F be the real number field R or the complex number field C. For a positive integer n, an n-tensor T over F with size 2 × · · · × 2 is (t i1,i2,...,in ) consisting of 2 n elements where i 1 , i 2 , . . . , i n are taken 1 and 2, and t i1,i2,...,in ∈ F for i 1 , i 2 , . . . , i n = 1, 2. Let (F 2 ) ⊗n be the set of all n-tensors over F with size 2 × · · · × 2. This set is closed by sum operation and scalar multiplication:
(t i1,i2,...,in ) + (s i1,i2,...,in ) = (t i1,i2,...,in + s i1,i2,...,in ) c(t i1,i2,...,in ) = (ct i1,i2,...,in ) And GL (2, F) n acts on the set (F 2 ) ⊗n . We call T is a rank one tensor if T is irreducible, that is, T = T 1 + T 2 for some nonzero tensors T 1 , T 2 implies that T 1 = sT 2 for some s ∈ F. The rank of T , denoted by rank F (T ) is the smallest integer s ≥ 0 such that T is expressed as the sum of s rank one tensors. The rank of the zero tensor is zero. Rank is invariant under the GL (2, F) n -action. In general the determination of the rank of a tensor is hard.
The rank and classification of 2 × 2 × 2 tensors are well-known, for example, see [6] or [8] . The maximal rank of 2 × 2 × 2 real tensors is equal to one of 2 × 2 × 2 complex tensors.
For a real 2 × 2 × 2 × 2 tensor, Kong et al. [7] show that rank R (T ) ≤ 5.
Theorem 1.1 ( [7] ) Any real 2 × 2 × 2 × 2 tensor has rank less than or equal to 5.
Brylinski gave the maximal rank of 2 × 2 × 2 × 2 tensors over C. 2 × 2 × 2 × 2 tensors over F are used to represent the entanglement of four quantum bits (qubits). Verstraete et al [9] gave a classification of 2 × 2 × 2 × 2 rank one tensors. We also show that rank F (A 1 ; A 2 ) ≤ 2 then rank F (T ) ≤ 4 (see Propositions 4.4) . This was obtained by Kong et al. [7] over R. By a numerical analysis, it seems that there are tensors over R with rank 5. There are tensors over the finite field F 3 with rank 5 (cf. [1] ). The purpose of this paper is to give an upper bound of rank of tensors with size 2 × · · · × 2 by using the maximal rank of 2 × 2 × 2 × 2 real tensors (see Theorem 6.4). Our main tool is a matrix theory.
× × tensors
The maximal rank of 2 × 2 × 2 tensors over F is equal to 3. In this section, we clarify a condition for a 2 × 2 × 2 tensor to have rank three.
We denote the 2 × 2 identity matrix by E 2 or simply E. Let A = (a ij ) = (a 1 , a 2 ) and B = (b ij ) = (b 1 , b 2 ) be 2 × 2 matrices. GL (2, F) 3 acts on the set of 2 × 2 × 2 tensors by (P, Q, R) · (A; B) = (r 11 P AQ ⊤ + r 12 P BQ ⊤ ; r 21 P AQ ⊤ + r 22 P BQ ⊤ ), where R = r 11 r 12 r 21 r 22 . For a subgroup G of GL(2, F) 3 , two 2 × 2 × 2 tensors T 1 and T 2 are
Proposition 2.1 Suppose that xA + yB are nonzero for any (x, y) = (0, 0) in
Proof Suppose that (A; B) has rank two. There are two rank one matrices C 1 and C 2 such that A = pC 1 + qC 2 and B = rC 1 + sC 2 . By the assumption, P := p q r s is nonsingular. Let
Remark that if xA + yB are nonzero for any (x, y) = (0, 0), then rank(A; B) ≥ 2. Define
This number is called Cayley's hyperdeterminant up to sign. The discriminant of the polynomial det(xA + B) (resp. det(A + xB)) on x is equal to ∆(A; B) if A (resp. B) is nonsingular. Thus, over R, if A (resp. B) is nonsingular and ∆(A; B) > 0 then there are x 1 and x 2 in R such that x 1 = x 2 and det(x 1 A + B) = det(x 2 A + B) = 0 (resp. det(A + x 1 B) = det(A + x 2 B) = 0), and rank(A; B) ≤ 2. If det(A) = det(B) = 0 then rank(A; B) ≤ rank(A) + rank(B) ≤ 2. A 2 × 2 × 2 tensor T over a field with characteristic not 2 is nonsingular if and only if ∆(T ) is not a square in the field (see [3] ). We show the following property straightforwardly.
Proposition 2.2 ([4, Proposition 5.6])
∆(A; B) = ∆(B; A).
for any x.
for any matrices P , Q and R. 
is positive in R and nonzero in C. Note that
Thus we have the following proposition and theorem. (1) The sign of ∆ is invariant under the GL(2, R) ×3 -action. Proof First suppose that |x 1 A + y 1 B| = 0 for some x 1 and y 1 . There are x 2 and y 2 such that x 1 x 2 y 1 y 2 = 0 and (A; B) is equivalent to (x 1 A + y 1 B; x 2 A + y 2 B). rank(A; B) ≤ 2 is equivalent to
(ii) all eigenvalues of (x 1 A + y 1 B) −1 (x 2 A + y 2 B) lie in F and are distinct.
We have (i) ⇔ (1), and (ii) ⇔ ∆(x 1 A + y 1 B; x 2 A + y 2 B) is positive (resp. nonzero) ⇔ ∆(A; B) is positive (resp. nonzero). Next suppose that |xA + yB| = 0 for any x and y. Then we have
We see that |xA + yB| = 0 for any x and y if and only if |A| = |B| = |a 1 , b 2 | + |b 1 , a 2 | = 0, since
Thus, |xA + yB| = 0 for any x and y if and only if |A| = |B| = ∆(A; B) = 0. We divide into four cases:
(a) a 2 = αa 1 , b 2 = βb 1 for some α and β;
We define a function Θ :
We have the following corollary by Theorem 2.4.
(
1) A complex tensor T has rank three if and only if
(2) A real tensor T has rank three if and only if 
Theoretical results
We refer to the paper [5] by Friedland. He wrote properties for 3-tensors but almost all properties with respect to the map f k canonically hold for n-tensors in general. (
We call the number r i , i ∈ [1, M ] a typical rank of T . We denote by T ≤p the subset of all tensors with rank less than or equal to p of T .
If f is not zero, then there exists a typical rank q of T with q > p.
Proof Suppose that there does not exist a typical rank q of T with q > p. Then p is greater than or equal to the maximal typical rank of T . By Theorem 3.1, there is an open dense semi-algebraic set O of T such that O ⊂ T ≤p and then O L is also an open dense semi-algebraic set of T . Since f (T ) = 0 for any T ∈ O L and f is continuous, we have f must be a constant zero map.
Corollary 3.3 Let p be a typical rank of T . If there is a nonzero map in Theorem 3.2, then
The action of GL(2, C) 4 is as follows. (P 1 , P 2 , E, E) · T is given by
) is given by
and (E, E, E, q 11 q 12
T 2· is given by
We also denote T by ((T 11 ; T 12 ); (T 21 ; T 22 )).
). Note that rank(yS 1· ) = rank(S 1· ) for any y = 0, where S = (g 1 , g 2 , g 3 , E) · T . Since rank(T ′′ 1· ) ≤ 2, we have x 2 = 0 and then rank( 
Proof If rank(B 1 ; B 2 ) ≤ 2 then we have
and similarly if rank(
Suppose that rank(A 1 ; A 2 ) = 2 and rank(B 1 ; B 2 ) = 3. Then there is µ ∈ GL(2, F)
) is positive (resp. nonzero) and thus rank((B 1 ; B 2 ) + x 0 (A 1 ; A 2 )) ≤ 2 for some x 0 . We have
Finally, suppose that a = b. Since Y is equivalent to ((E; O); (C 1 ; C 2 − aC 1 )), by Lemma 4.3, we have rank(Y ) ≤ 4.
Over R, the following proposition has been obtained (see [ Proposition 4.5 Let T be a 2 × 2 × 2 × 2 complex tensor. There is a tensor A such that A is equivalent to T and (A 11 ; A 12 ) has rank less than or equal to 2.
Proof We may suppose that rank(T 11 ; T 12 ) = 3. There is α ∈ GL(2, F) 3 such that S 11 = E,
) is a polynomial of x with degree two, there is x 0 ∈ C such that Θ(x 0 S 1· + S 2· ) = 0. Thus by Corollary 2.5 (1), we have rank(x 0 S 1· + S 2· ) ≤ 2.
Let P = x 0 1 1 0 and A = (α, P ) · T . Then rank(A 11 ; A 12 ) ≤ 2. 
We do not proceed in the real number field as in the complex number field:
There is a tensor T in R 2×2×2×2 such that rank(S 11 ; S 12 ) = rank(S 11 ; S 21 ) = rank(S 21 ; S 22 ) = rank(S 12 ; S 22 ) = 3 for any g ∈ GL(2, R) 4 , where S = S 11 S 12
Proof We show T = X satisfies the assertion. It suffices to show that ∆(S 11 ; S 12 ), ∆(S 11 ; S 21 ), ∆(S 21 ; S 22 ), ∆(S 12 ; S 22 ) are all negative for any g ∈ GL(2, R) 4 . Let g ∈ GL(2, R) 4 . By Proposition 2.2, we may suppose that g = (E, E, P, Q). For ∆(S 11 ; S 12 ), we may further suppose that P = E by Proposition 2.2. We straightforwardly see that ∆(S 11 ; S 12 ) = −4(q Let T = (t ijkl ) be a 2 × 2 × 2 × 2 real tensor. We consider the following condition (E): 
where 
is a 4 × 4 matrix.
For a 2 × 2 matrix X = (x 1 , x 2 ), put vec(X) = x 1 x 2 . Proof Recall that rank K (T ) ≤ r if and only if there are x ik , y ik ∈ K and rank one matrices A k for i = 1, 2 and k = 1, 2, . . . , r such that T ij = r k=1 x ik y jk A k for i, j = 1, 2. Since T 11 , T 12 , T 21 , T 22 lie in the vector space generated by A k 's, we have rank K (T ) ≥ 4.
Consider the problem
Since (vec(T 11 ), vec(T 12 ), vec(T 21 ), vec(T 22 )) is nonsingular, M is nonsingular, and
Therefore, for each k = 1, 2, 3, 4, the equation (k+1) is zero if and only if rank(A k ) ≤ 1. Conversely, for c ik , d ik ∈ K such that the condition (E) holds, determining A k by (9), A k is a rank one matrix and
which implies that rank K (T ) = 4.
Numerical approach
We compute ∆(A; B), ∆(C; D), ∆(A; C), ∆(B; D), ∆(A + xC; B + xD), ∆(A + xB; C + xD), and
There are 24 flattening pattern corresponding to permutations (i, j, k, ℓ). The following 4 patterns are essentially same, since they correspond to the transpose of matrices.
(t ijkℓ ) = Proposition 5.1 There is a tensor T in R 2×2×2×2 such that rank(S 11 ; S 12 ) = rank(S 11 ; S 21 ) = rank(S 21 ; S 22 ) = rank(S 12 ; S 22 ) = 3 for any flattening pattern T ′ of T and any g ∈ GL(2, R) 4 , where S = S 11 S 12
Therefore, there is a tensor in R 2×2×2×2 which does not apply Proposition 4.4.
Theorem 5.2 Let T be a 2 × 2 × 2 × 2 real tensor. Suppose that the 4 × 4 matrix obtained from T is nonsingular. Put
where
Proof Consider the equation (8) . By the assumption, the matrix M is nonsingular. By Theorem 4.8, if rank R (T ) = 4 then there is (c ik ,
Let M be a matrix in (7), and put T = X in ( We estimate by using the command "FindMinimum" in the software Mathematica [10] and obtains the minimum value 0.04 in the 10000 times iterations. Thus we have
Conjecture 5.3 The maximal rank of R
2×2×2×2 is 5 and the typical rank of R 2×2×2×2 is {4, 5}.
High dimensional tensors
A lower bound of the maximal rank of n-tensors with size 2 × · · · × 2 is
) and a canonical upper bound of those is 2 n . We give an upper bound by using the maximal rank of F 2×2×2×2 tensors. Lemma 6.3 Let n be a positive integer and let A j and B j , 1 ≤ j ≤ n be 2 × 2 real matrices. There is a rank one real matrix C such that rank R (A j ; B j + C) ≤ 2 for any 1 ≤ j ≤ n.
Proof Put A j = a j b j c j d j and C = su sv tu tv . Since ∆(A j ; C) = (s(ud j − vc j ) − t(ub j − va j )) 2 ,
there exists a rank one matrix C 0 such that ∆(A j ; C 0 ) > 0 for any j ∈ S 2 . Let C = γC 0 . Since (A j ; B j + C) is {E} 2 × GL(2, R)-equivalent to (A j ; γ −1 B j + C 0 ), The continuity of ∆ implies that for each j, there is h j > 0 such that ∆(A j ; B j + C) > 0 for any γ ≥ h j by Proposition 2.3 (1). For C = (max j h j )C 0 , we have rank(A j ; B j + C) ≤ 2 by Proposition 2.3 (2). Proof The assertion is true for k = 2, 3. Then suppose that k ≥ 4. Let e i1,...,i k , i 1 , . . . , i k = 1, 2 be a standard basis of (R 2 ) ⊗k , that is, e i1,...,i k has 1 at the (i 1 , . . . , i k )-element and otherwise 0. Any tensor A of (R 2 ) ⊗k is written by i1,...,i k a i1,...,i k e i1,...,i k . where B(i 4 , . . . , i k ) = i1,i2,i3 a i1,...,i k e i1,i2,i3 is a 2 × 2 × 2 tensor. By Lemma 6.3, there is a rank one 2 × 2 matrix C such that B(i 4 , . . . , i k ) + (O; C) has rank less than or equal to 2 for any i 4 , . . . , i k . We have 
